Dynamic Resource Allocation with Hidden Volatility”

Felix Zhiyu Feng Mark M. Westerfield
University of Washington University of Washington

February 2020

Abstract

We study a firm’s internal resource allocation using a dynamic principal-agent
model with endogenous cash flow volatility. The principal supplies the agent with re-
sources for productive use, but the agent has private control over both project volatility
and resource intensity and may misallocate resources to obtain private benefits. The
optimal contract can yield either overly risky or overly prudent project selection. It can
be implemented with a constant pricing schedule (i.e., a static, decentralized, linear
mechanism), giving the agent control over the resource quantities, project risk, and
agent’s equity share. The implementation rationalizes the use of hurdle rates above a
firm’s cost of capital and transfer prices above marginal cost, while showing that hurdle
rates or transfer prices may not vary with the agent’s risk choice.
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1 Introduction

This paper analyzes dynamic resource allocation (capital or intermediate goods) within a
firm. We focus on two interacting frictions. First, the divisional manager can hide his choice
of production risk from headquarters. For example, he can choose a production process
more subject to the vagaries of market demand, quality deviations, or technological risk.
Second, the divisional manager consumes benefits from unproductive investments or unused
resources. For example, he can obtain private benefits from financial slack, from executing
fun but unproductive projects, or from diverting resources. Headquarters observes divisional
output, but not the production technology or its inputs. Thus, the firm has a multi-tasking
agency problem over inputs and risk.

The interaction of our two frictions, hidden risk choice and hidden resource allocation,
allows for a moral hazard problem over volatility. Organizational settings in which project
managers privately influence both the amount and riskiness of investment are ubiquitous.
Nevertheless, the design of dynamic incentive plans that both allocate the appropriate
amount of capital and induce managers to choose the desired amount of volatility has chal-
lenged formal analysis. In our model, the agent’s ability to hide inputs complements his
ability to hide risk, and we focus on the combination.

We solve for the optimal contract in a general, dynamic principal-agent setting, and show
that it can be implemented with a simple scheme: a decentralized and static transfer pricing
schedule for intermediate goods or capital. In a standard recursive optimal contract, the
principal would allocate resources to the agent and command a certain level of total cash
flow risk. Our implementation allows the agent to choose his own level of resources, the cash
flow risk target, and even his own compensation structure (his pay-performance sensitivity
or equity share). The principal simply supplies the requested resources to the agent at a cost
based on the agent’s announced choices.! The resource cost is subtracted from the project’s
output, and the remainder is split between the principal and agent based on the proposed
equity share.

Crucially, the contract implementation is a static schedule of prices that depend only on
the agent’s current choices. The principal does not need to control any stochastic processes
nor even keep track of the agent’s performance history. In that sense, this is a theory of

institutional design, rather than active management. By choosing his own level of resources,

'For a concrete example, imagine the principal tells the agent: “Take however much capital you want. If
you want a 10% equity share, your cost of capital is 8%. If you want a 20% equity share, your cost of capital
is 7%.” A higher equity share is equivalent to higher pay-for-performance incentives.



cash flow risk target, and compensation structure, the agent is effectively picking from the
set of incentive compatible contracts. This happens because the capital or intermediate
goods prices are calculated exactly so that the agent is indifferent across choices; all the
available choices are incentive compatible and exactly meet the agent’s participation con-
straint. Being indifferent, the agent picks the principal’s desired set of resources, risk target,
and compensation structure.

The implementation has several implications: first, interpreting resources as capital, we
rationalize observed practices of capital budgeting. As documented by Jagannathan, Matsa,
Meier, and Tarhan (2016), Graham and Harvey (2001), and others,? firms impose capital
rationing on managers through a deliberately high cost of capital (hurdle rate), and they
most commonly do not adjust the cost of capital for risk. These stylized facts contradict
conventional wisdom and textbook corporate finance instruction. In our model, headquarters
optimally raises the cost of capital above the replacement rate to limit the scale of the
manager’s investment and the size of the agency problem, passing up otherwise positive
NPV projects.

More surprisingly, our implementation rationalizes the practice of setting costs of capital
without adjusting for cash flow risk. We obtain this result because the manager’s incentive
compatibility condition equalizes the marginal product of capital in productive and unpro-
ductive projects. Thus, the cost of capital can be set equal to the marginal product of capital
in unproductive projects. This can be done without further adjusting for the returns and
risk in the productive projects, and the desired capital allocation follows.

As a matter of contract form, our cost of capital (hurdle rate) can be interpreted as a
preferred return to investors. These preferred returns are standard in private equity contracts
(see, e.g., Metrick and Yasuda, 2010; Robinson and Sensoy, 2013). Alternatively, the hurdle
rate can be interpreted as a type of Funding Value Adjustment or a Capital Value adjustment,
as described in Andersen, Duffie; and Song (2019). In these arrangements, a previously
decided cost of capital is deducted from the profit and loss statement of an operation before
gains are distributed.

Similarly, interpreting resources as intermediate goods, our study rationalizes cost-based
transfer pricing with a markup above marginal cost. While the seminal work of Hirshleifer

(1956) argues that pricing at the marginal cost of production achieves optimality for the

2In Section 5.1, we summarize and condense the findings from Jagannathan, Matsa, Meier, and Tarhan
(2016), Graham and Harvey (2001, 2011, 2012), Jacobs and Sivdasani (2012), and Poterba and Summers
(1995).



headquarters, the majority of firms that practice cost-based pricing use a markup above
the production cost (PriceWaterhouse, 1984; Tang, 1992). Existing models that rationalize
the use of such a policy often restrict their analysis to a particular set of mechanisms or
incomplete contracts; the resulting optimal transfer scheme is usually non-linear and must

be administered and monitored by a central planner.?

In contrast, our transfer pricing
scheme is static, linear, decentralized, and does not require dynamic monitoring because
the principal does not need to actively manage resources or track the agent’s performance
history. Our paper further demonstrates that resource rationing is an endogenous choice of
the principal: she has unlimited access to the external markets, but engages in deliberate
rationing of divisional resources anyway.

In more detail, we begin with a basic dynamic moral hazard framework in which the
principal (she) has assets or projects that she hires the agent (he) to manage. The agent
takes hidden actions that determine the cash flow from these projects; the principal observes
output and rewards the agent with consumption after high output and imposes termination
after low output. Separation is costly, which makes the principal effectively risk averse. Our
novel assumption is that the agent receives capital or input goods from the principal but
privately decides both the risk of the project and the amount of inputs that are actually
invested. Any unused resources are allocated to generate private benefits for the agent. The
resources at issue are liquid, and can be reallocated freely. This joint modeling of resource
intensity and risk circumvents the issue that volatility is observable for Brownian motions,
which has been the primary obstacle precluding the analysis of dynamic risk choice in a
tractable framework. Thus, in our setting the principal must provide incentives to generate
both the desired risk choice and the desired resource intensity to avoid misallocation. The
agent’s choice is constrained by the observability of total risk/volatility; it is the components
of risk/volatility that are unobservable and subject to an agent’s manipulation.

We show that the resulting optimal contract can lead to both overly risky or overly pru-
dent risk choice, relative to the first-best. This contrasts with the standard result under full
risk /volatility observability (see, e.g., DeMarzo and Sannikov, 2006; Biais, Mariotti, Plantin,
and Rochet, 2007) that an effectively risk averse principal would strictly prefer lower volatil-
ity. In our paper, to reduce the likelihood of costly termination following poor performance,

the optimal contract reduces the volatility of the agent’s continuation value. This volatility

3We discuss the relevant transfer pricing literature in more detail in Section 5.2, including the seminal
mechanism design approach in Harris, Kriebel, and Raviv (1982) and subsequent studies such as Rajan and
Reichelstein (2004), Hiemann and Reichelstein (2012), Hyde and Choe (2005), Sahay (2003) and Baldenius,
Dutta, and Reichelstein (2007).



has two components: the volatility of the project’s cash flow and the agent’s exposure to it
(his pay-performance sensitivity, or PPS). Exactly which component the principal reduces
depends on the specific risk-return relationship, which determines how much additional risk
the agent takes as incentives are made less intense. When the risk taken by the agent is
very sensitive to incentives, the principal offers more incentives, increasing PPS and reducing
risk below the first-best level. In contrast, when the risk taken by the agent is relatively
insensitive to incentives, the principal relaxes incentives, reducing PPS and resulting in an
overly risky project choice. In contrast to the risk adjustment, capital intensity is always
(weakly) less than the first-best because more intensive use of capital implies higher cash
flow volatility and requires higher pay-performance sensitivity.*

The basic framework of our model borrows from DeMarzo and Sannikov (2006) and
Biais, Mariotti, Plantin, and Rochet (2007).> Two other studies that examine volatility
control in continuous time are Cvitani¢, Possamai, and Touzi (2017) and Leung (2017).
Cvitani¢, Possamai, and Touzi (2017) assesses optimal control over a multi-dimensional
Brownian motion when the contract includes only a terminal payment and is sufficiently
integrable. They show that the principal can attain her optimal value (possibly in a limit) by
maximizing over contracts that depend only on output and quadratic variation. The setup is
similar to earlier work by Cadenillas, Cvitani¢, and Zapatero (2004) and more broadly to the
literature on delegated portfolio control such as Carpenter (2000), Ou-Yang (2003), and Lioui
and Poncet (2013), which focus on exogenous compensation and/or information structures.
Leung (2017) assumes that cash flow is made up of the agent’s private choice of project risk
and an exogenous market factor that is unobservable to the principal. However, because the
market factor in Leung (2017) is exogenous, after the contract is in place the agent has only
limited ability to manipulate risk without being detected. Our paper is also broadly related
to Biais, Mariotti, Rochet, and Villeneuve (2010), DeMarzo, Livdan, and Tchistyi (2013),
Li and Williams (2017), and others that study optimal incentives when the agent’s action
generates discrete, verifiable jump risks. Finally, Epstein and Ji (2013) develop a volatility

control model based on an ambiguity problem. In contrast, with standard preferences, we

40ur results help reconcile empirical evidence regarding the correlation between investment risk and
pay-performance sensitivity, which has been particularly ambiguous among existing studies. Prendergast
(2002) and Edmans, Gabaix, and Jenter (2017) summarize the related theoretical and empirical studies. See
Section 5.3 for a more detailed discussion of this line of research.

®Other papers that investigate agency problems and capital usage in the same model include He (2011),
DeMarzo, Fishman, He, and Wang (2012), and Malenko (2019). We add to those papers by modeling an
agency problem over resource intensity and the productivity of production inputs, as opposed to over mean
cash flow or growth.



study the design of an optimal contract in an intuitive agency environment and show that
our contract can be implemented with a simple structure resembling the observed practice

of internal resource allocation.

2 The Model

In this section, we introduce a model of resource allocation and production within a firm.
A division of the firm uses fixed assets and a flow of resources provided by headquarters
to generate risky cash flows. The resources from headquarters can be liquid working capi-
tal, in which case we are modeling internal capital markets, or intermediate goods such as
microchips or service hours, in which case we are modeling transfer pricing within a firm.

There are two important frictions. First, the division makes a hidden choice of production
technology, in particular a hidden choice of risk or cash flow volatility. Second, the division
can use the resources to generate private benefits.

Our goal is to obtain an optimal scheme that efficiently uses resources while controlling
risk taking. To this end, we assume a general, dynamic contracting environment in which
headquarters has a great deal of control and flexibility. We show that the optimal contract

can actually be implemented with a set of simple, static rules.

2.1 The Basic Environment

There is a principal (she, headquarters) that has access to resources and an agent (he, the
divisional manager) that has the skills to manage profitable projects. Both the principal
and the agent are risk neutral. Time is continuous. The principal has unlimited liability,
the ability to cover project costs, and a discount rate r. The agent has limited liability,
no ability to access resources on his own, and a discount rate v > r. The fixed assets of
production have a value outside the division L > 0, and the agent has an outside option or
value R = 0.5 The agent cannot borrow or save. A contract allows the principal to fund the
agent’s projects so that they share the surplus created.

The agent has a choice of production technologies indexed by volatility o, such that

0 <o <o <7 Given a level of volatility o, and a flow of resources K; > 0, the agent’s

6 Assuming L > 0 and R = 0 simplifies the exposition because the principal does not temporarily shut
down production by granting the agent zero resources. In Section 6, we extend the model to include more
general outside values.



production choice generates a cumulative cash flow Y; that evolves as
dY;g = f(Kt) [/L(O't)dt + UtdZt] y (1)

where Z; is a standard Brownian motion. u(o) represents the efficient frontier: the highest
expected cash flow that the agent can obtain given a particular level of volatility. Both oy
and K; can be instantaneously adjusted without cost; K; represents liquid working capital,
such as cash, machine-hours, etc., or intermediate goods like microchips or service hours.

Without the loss of generality, we assume the principal can raise an arbitrary amount of
K, with a flow cost rK;; i.e., we define a unit of K to be the amount that has a cost r. If
K is consumed in production — K represents an intermediate good — then rK is the cost
to headquarters of obtaining the flow of resources. If K is not consumed in production —
K represents liquid capital that is returned after use — then rK is the opportunity cost to
headquarters for the use of the resources.

Our specification of the cash flow process is designed to capture the notion that the
agent is drawing from a limited selection of projects based on real assets to generate cash
flows. Because the agent has a limited selection of underlying projects, each additional
input generates decreasing cash flow output. We capture this with a decreasing-returns-to-
scale technology:” f(K) is three-times differentiable with f(0) = 0; f/(K) > 0; f"(K) <
0; limg_ f'(K) = o0; limgo f'(K) = 0. Because the agent’s projects are based on
real assets, as opposed to financial assets, they cannot profitably sustain infinite volatility.
Instead, some risk taking is efficient, but beyond a certain point increasing volatility reduces
average cash flows. We capture this with a hump-shaped returns technology: p”(o) < 0,
p(o) attains its maximum inside (o, ), and p(a) < 0.8

Our specification is flexible and allows a well-defined, interior first-best level of resource

"Allowing concavity in the production function can be more realistic than linearity (e.g., allowing for
organizational frictions like a limited span of control), and the assumption generates a first-best with finite
resource usage. Because our principal and agent are risk neutral, the first-best is achieved after some histories
(see Section 3). In contrast, a linear production function (e.g., f(K) = K) implies infinite first-best resource
usage. To compensate, we would need to make the agent risk averse, as in Sannikov (2008). Risk aversion
can generate a principal’s value function that is strictly concave, so that the first-best level of resources is
never implemented.

8For example, if the agent is choosing among underlying projects each with a normally distributed returns
and a linear cost of volatility, then standard results imply (o) = p+ Cy/0? — a? — bo. If instead the agent
faces a constant return to risk minus a convex volatility penalty, then we could have u(o) = bo — o®.



usage and volatility { K¥P ofB}, which are given by

max [f(K)u(o) — rK] (2)

K>050>0

and characterized by the first-order conditions 0 = z/(6¥8) and r = f/(KFB)u(atB).

2.2 The Agency Friction

The principal supplies resources K; to the agent and a recommended level of project volatility
0y The agent chooses two hidden actions. First, the agent can allocate resources to pro-
ductive projects or to an unproductive project that generates private benefits. The actual
amount allocated to productive projects is K, and is used to generate dY;. The remaining
resources, K; — Kt, are allocated to a zero-cash flow project that generates a flow of private
benefits A(K; — K;)dt. Resource misallocation is (weakly) inefficient: resources cannot be
used to generate private benefits in excess of their cost, 0 < A < r. The principal’s incentive
problem is to create a contract that induces the agent to allocate resources according to the
principal’s recommendation.

In developing the optimal contract, we initially restrict attention to contracts that im-
plement zero misallocation. (i.e., K = K and private benefits are zero). This is without loss
of generality as long as misallocation is inefficient (A < ), which we show in Proposition 3.
We discuss several generalizations of the model in Section 6.

Our agency problem can be interpreted in several different ways:

e Choosing K, < K, means shifting resources to enjoyable but unproductive projects.
Two examples are a manager with a desire for the quiet life (e.g., Bertrand and Mul-
lainathan, 2003) and a manager who prefers not to travel to make site inspections (e.g.,
Giroud, 2013).

e In Section 4, we demonstrate an implementation of the optimal contract that allows
the agent to request any level of resources (K') from the principal and allocate some
of it (Kt < K;) to unproductive projects. In that case, the agency friction can also be
naturally interpreted as empire-building, since the manager enjoys the control of more

resources than are needed for productive uses.

e A manager may need to exert effort to maintain the production efficient frontier (u(o))

at a high level. For example, a manager might shirk by considering a smaller number



of potential projects. In doing so, he gains private benefits from shirking AA;, and the
efficient investment frontier is reduced to f(K; — A;) (u(6¢)dt + 6,dZ;). Here, A, plays
the role of K; — Kt.

The cash flow process Y is observable to the principal; headquarters can fully observe
profits and losses. As a practical matter, if headquarters can observe the history of the divi-
sion’s general accounting ledger, then the division is unable to lie about cash flow volatility
by too much. In our model, the principal can exactly infer the overall volatility because of
the continuous nature of the shocks (dZ;).” As a result, the principal can impose a particular
level of overall volatility (e.g., by terminating the agent if the proper level is not observed).
We make the more direct assumption that the principal simply controls the total cash flow
volatility from (1), labeled %, with

A

¥ = f(Ky)oy = f(IK)b,. (3)

The second equality is the constraint that the agent must achieve a total volatility with his
hidden choices that is consistent with the principal’s recommended choices.

The agency friction in our model comes from the fact that the principal does not observe
the source of volatility: intensive resource use in productive projects or excessively risky
projects. Put differently, the agent can generate the appearance of productive activity (cash
flow volatility) while still using resources to generate private benefits. The agent can allocate
K, — K, to the unproductive project while increasing volatility in the productive project
(6 > o0y), keeping aggregate volatility (3;) constant. In so doing, the agent enjoys total
private benefits \(K; — Kt) Thus, the principal provides an incentive contract to induce the
agent to choose the desired components of volatility; the agent must be induced not to take

bad risks that hide bad resource allocation.

Remark 1 Ezisting models of hidden risk taking generally focus on jump risk. One class

of models links increased jump risk to private benefits, such as Biais, Mariotti, Rochet, and

9For concreteness, consider a heuristic example: a principal observes dY; = a.dt + bdZ; with Yy known
and by > 0. The principal does not observe either a; or b; directly. The ability to observe the path of Y
implies the ability to observe the path of Y2. Since d(Y;?) — 2Y;dY; = b2dt, the principal is able to infer b;.

An analogous constraint on observability holds in discrete time binomial models. In a binomial model,
cash flows could be high (+¥ = +f(K)o) or low (=X = —f(K)o), with high cash flows realized with
probability p(c). Then, the total cash flow at stake + f (K)o is observable to the principal after either a high
or low outcome. However, the source of the cash flow at stake, o or f(K), would remain hidden because X
is observable to the principal but p(o) is not. Thus, the agent could misallocate K to hide bad risk choice
(choice of o).



Villeneuve (2010) and Feng (2020). These models share the feature that stronger (down-side)
incentives reduce jump risk and shirking. A second class of models links increased jump-
risk to extra returns, such as DeMarzo, Livdan, and Tchistyi (2013), Moreno-Bromberg and
Roger (2017), Li and Williams (2017), and Wong (2019). These models share the feature that
stronger pay-for-performance incentives encourage jump risk, and, if there is an additional
effort process, lower private benefits from shirking. The principal then imposes a second set
of incentives to reduce jump risk.

Our model works differently from those just mentioned because we consider a moral hazard
problem over the components of volatility. Fxcess volatility is linked to private benefits at the
project level, despite the fact that private benefits have no direct effect on cash flow volatility.
Instead, the effect is indirect: the agent allocates resources to the unproductive project and
compensates with an excessively volatile productive project choice. Despite the direct/indirect
distinction, our model has a positive association between excessive risk taking and obtaining
private benefits, so it also has the property that stronger incentives reduce project volatility
(see Section 5.1).1°

2.3 The Objective Functions

Contracts in our model are characterized using the agent’s continuation utility as the state
variable. Denote the probability space as (€2, F, P), and the filtration as {F;}+>0 generated
by the cash flow history {Y;};>0. Contingent on the filtration, a contract specifies a payment
process {C; }+>0 to the agent, a stopping time 7 when the contract is terminated, a sequence of
resources { K, ;>0 under the agent’s management, and a sequence of recommended volatility
levels {o;}i>0. {Ci}i>0 is non-decreasing because the agent is protected by limited liability.
All quantities are assumed to be integrable and measurable under the usual conditions.
Given a contract, the agent chooses a given set of policy rules {Kt, Ot ti>0. The agent’s

objective function is the expected discounted value of consumption plus private benefits
Wi = By, { / e~ (dOS K, — Ks)ds> + e—WR‘ J-"t] , (4)
t

while the principal’s objective function is the expected discounted value of the cash flow,

10Tn Section 6 and the Internet Appendix, we extend the model so that the private benefits project also
generates volatility. In that version, using resources for private benefits forces the agent to reduce productive
volatility, meaning private benefits are associated with insufficient productive risk taking. The principal thus
uses stronger incentives to induce the agent to take more risk.



minus the cost of resources and payments to the agent

)

‘/tf(,& _ Ef{& [/ efT(Sft) (dY; —rK.ds — dCs) + eTTL‘ E:| ) (5)
t

where both expectations are taken under the probability measure associated with the agent’s

choices. The optimal contract is defined as:

Definition 1 (Incentive compatible and optimal contracts) A contract is incentive
compatible if the agent mazimizes his objective function by choosing {Kt, Gt his0 = { Kty 0t F>0-
A contract is optimal if it maximizes the principal’s objective function over the set of

contracts that 1) are incentive compatible, 2) grant the agent his initial level of utility Wy,
and 3) give W° > R.

This definition restricts our analysis to contracts that involve no resource misallocation
because we have defined incentive compatible contracts to mean f(t = K;. As mentioned

earlier, we discuss several generalizations in Section 6 and the Appendix.

3 The Optimal Contract

In this section, we derive the optimal contract. We begin by characterizing the properties
of incentive compatible contracts and proceed to the principal’s Hamilton-Jacobi-Bellman
(HJB) equation. We end with a categorization of contract types and some comparative
statics. Our discussion in the text is somewhat heuristic; proofs not immediately given in

the text are in the Appendix.

3.1 Continuation Value and Incentive Compatibility

The following proposition summarizes the dynamics of the agent’s continuation value W; as

well as the incentive compatibility condition:

Proposition 1 Given any contract and any sequence of the agent’s choices, there exists a

predictable, finite process By (0 <t < 1) such that Wy evolves according to

AW, = AWidt — N(K; — Ky)dt — dC; + 6, <dYt - f(f(t)u(ﬁt)dt) . (6)

11'We leave the determination of Wy outside the model. One commonly used value is the principal’s
maximum: if the principal’s value function is F'(W), then Wy = arg maxy F'(W).

10



The contract is incentive compatible if and only if

{Kt7 Ut} = arg max [ﬁtf(f(t),u(&t) — )\Kt . (7)
KtE[O,Kt];f(Kt)a‘t:f(Kt)(rt

If the contract is incentive compatible, then 5; > 0 and

o 1
0= Poe ) = ) " o — o )

and (6) simplifies to
th = ’YWtdt + BtthZt — dOt (9)

The dynamics of W; can be derived using standard martingale methods. The first three
terms on the right hand side of (6) reflect the promise keeping constraint: because the
agent has a positive discount rate, any utility not awarded today must be compensated with
increased consumption in the future. The last term contains the agent’s incentives, where
B is the agent’s pay-performance sensitivity (PPS): for every dollar of ezcess cash flow, the
agent’s continuation value changes by [; dollars. Under an incentive compatible contract
{K,,6,} = {K;, 04}, so (6) simplifies to (9).

The incentive compatibility condition (7) is a maximization over the discretionary part
of the agent’s instantaneous payoff. Given the evolution of the agent’s continuation value

(6), the agent chooses K, and 6, to maximize his flow utility:

BE[dY)] + MK, — K,)dt = Bef (K)pu(6y)dt + MK, - K))dt, (10)
h ~~ —
Cash flow paid to the agent Agent’s private benefit

subject to two constraints. First, because the agent cannot borrow on his own, he must
choose K, € [0, K;]. Second, because the principal controls aggregate volatility (3), the agent
must choose his controls such that f (Kt)ﬁt = f(Ky)oy = ;. The resulting maximization
problem is given in (7).

Condition (8) is the inversion of the maximization in (7). We denote 3(c, K) the minimum

level of PPS necessary for the agent to choose the principal’s recommended values of K and

12The agent’s problem in this model is effectively static: at any time ¢, the principal decides her optimal K
and oy and uses f; and ¥; to implement such choices. This is a standard feature among dynamic contracting
models in which the agent’s actions have no persistent effect on cash flows. The dynamics of the optimal
contract come from the principal’s side, which we describe in the next subsection.

11



0. The principal in fact chooses 5; = (o4, K;) because the principal’s value function is
concave, which we show in the next section.

We now discuss the important features of incentive compatible contracts in our setting.
First, the agency friction does not prevent the principal from implementing the first-best
outcome. In fact, the principal can do so even without giving the agent a full share of the

project’s cash flow:

Property 1 By choosing 8, = 2 < 1 and K, = K7, the principal implements {K*5, "5}
We define B2 = 2 <1 to be the level of incentives that, when combined with K¥5, imple-

ment the first-best policies in the second-best problem.

To implement the first-best, the principal gives the agent the first-best level of resources,
so that the marginal value of productive use is r (from Eq. 2). Then, the principal awards
the agent a share of cash flows 372 so that the agent’s share of the productive use r3% is
equal to the marginal benefit from misallocation (). Substituting f; = % into the agent’s
problem (7) produces the same outcome as the first-best optimization (2). No additional
incentives are needed to implement the first-best level of volatility.

Second, the agency friction requires the principal to be somewhat moderate in her risk

taking: she is precluded from implementing very-high or very-low volatility projects.

Property 2 The principal cannot implement very-low volatility (0 < g = arg max %U)) It
must be the case that 22 < 0.

do o

The principal never implements very-high volatility (o > @ = max{c|u(c) = 0}).

Our production technology exhibits decreasing returns to volatility ((o) is hump-shaped).
For very low levels of o, production efficiency increases with additional volatility (8%@ > 0),
so the agent always has a profitable deviation. For any > fixed by the principal, increasing
0 can both increase average cash flows and free up resources to be used for private bene-
fits. Thus, the very-low volatility projects with %@ > 0 are never incentive compatible.
Further, the principal never chooses to implement a very-high value of o > 0 that gener-
ates negative expected cash flow. This follows from the fact that the principal can always
generate zero cash flow with zero volatility by giving the agent zero resources.

Third, for moderate volatility projects, o; € (g, 5), stronger incentives are used to in-

crease resource intensity and decrease volatility:

12



Property 3 For (o, K) defined in (8), we have

0 1

= B0, K) = 1 f (K)B(o, Koy (0) < 0 (11)

0 1K)
— K)=-— K . 12
310 K) =~ Ao K) > 0 (12
Since a%ﬁ(o, K) <0 and a%@ < 0 wn the implementable region, stronger incentives are

used to increase the efficiency of risk taking (the Sharpe ratio of cash flows).

Intuitively, we have assumed that there is a shortage of good projects but no shortage
of bad projects, so our production technology exhibits decreasing returns to scale but our
private benefits technology is linear. Thus, the marginal return to the productive use of
resources (f'(K)) is decreasing, while the marginal value of resources in generating private
benefits (\) is constant. So, stronger incentives are needed to induce the agent to retain
resources for productive purposes when projects are already large (S > 0). Agency acts
to exacerbate decreasing returns to scale, as it is more difficult to prevent a given level of
misallocation when there is a large amount of resources in use.

Similarly, the marginal return to productive projects is decreasing in volatility (u” (o) <
0), which implies there is an increasing cash flow cost to the agent for excess risk taking.
Because of the total volatility constraint, f (K Jo = X, the agent takes excessive risks to
conceal misallocation. Since the cash flow cost of excessive volatility is high when volatility
is already high, weaker incentives can be used, and S, < 0.

We illustrate the solution to the agent’s problem as well as the features we discussed
above in Figs. 1 and 2. Fig. 1 depicts the minimum level of incentives (5(o, K)) required
for any given level of 0 and K, as well the resulting expected cash flow to the principal,
CF(o,K) = f(K)u(o) —rK.

With an abuse of notation, we invert (3) and (8) to find K(3,) and o(8,%). These
are the level of resources K and project risk ¢ that are implemented by the principal’s
controls: incentive 3 and overall cash flow volatility 3. Fig. 2 depicts K(3,%) and o(f3,%).
Consistent with Properties 2 and 3, stronger incentives implement more resources with less
risk, and projects with too little risk cannot be implemented without infinitely high /.
We write cash flows from varying levels of 5 and ¥ as CF(5,%) = f(K(8,%))u(c(8, X)) —
rK(B,%). Cash flow is a concave function in both controls. In particular, stronger incentives
do not necessarily lead to a larger cash flow because they may implement an inefficiently low

volatility.

13



0.15 . . . .
0.05 0.1 0.15 0.2 0.25

o K

Figure 1: The top-left plot displays 8(o, K) as a function of o for K = KB = 8.56 (solid line),
K = 2K"B (dashed line), and K = $K¥P (dotted line). The top-right plot displays 8(o, K) as
a function of K for 0 = 207P (solid line), o = ¢7'% = 0.12 (dashed line), and o = 107'P (dotted
line). The bottom two plots display average cash flows CF(K,0) = f(K)u(o) —rK as a function of
o for each of the three values of K used in the top row, and as a function of K for each of the three
values of o used in the top row. These plots are generated using A = 0.02, » = 0.03, f(K) = SK%,

1
2

and (o) = 0.07 + 0.5 (02 — 0.05%)* — 0.550.

3.2 The Principal’s Value Function

Given the results of Proposition 1, the principal’s problem is to maximize her objective

function (5), subject to the incentive compatibility constraint (7), the law of motion for W;

(9), and the agent’s participation constraint (W > R = 0). The agent’s continuation utility

W is a sufficient state variable to characterize the principal’s maximal payoff under the

optimal contract. Let F'(W) be the principal’s expected payoff (5) for the optimal contract

given the agent’s continuation value. F'(W) can be fully characterized with an ODE with

boundary conditions summarized in the following proposition:*?

13To reduce the level of mathematical formalism needed and maintain focus on the economic insight, we
make a few largely technical assumptions to simplify the proofs. See the Appendix for details.
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Figure 2: The top-left plot displays K(3,Y%) as a function of 3 for ¥ = LB = 1.05 (solid line),
Y= %EFB (dashed line), and ¥ = %EFB (dotted line). The top-right plot displays o(5,%) as a
function of 3 for & = X8 = 1.05 (solid line), & = 2577 (dashed line), and ¥ = ;3P (dotted
line). The bottom two plots display average cash flows CF(5,X) as a function of 3 for each of the

three values of £ used in the top row, and as a function of ¥ for g = g¥B = % = 0.67 (solid line),
B = 2378 (dashed line), and 8 = 1877 (dotted line). These plots are generated using A = .02,

r=.03, f(K) =3K2, and pu(o) = 0.07+ .5 (0% — 0.052)% — 0.550.

Proposition 2 A solution to the principal’s problem F (W) exists, is unique, and is strictly
concave on W € [R =0, W), where W€ is chosen so that F'(W®) = —1 and F"(W°) = 0.
F(W) solves

rF(W) = max f(K)u(a)—rK+’yWF’(W)+%ﬁ2(K,a)f2(K)a2F”(W) . (13)

K;oe(g,0)

F(W) is C3 for all W € [0, W°), and has F(0) = L. The mazimizers {K,c} are the optimal
policies, and dC; = max(W; — W 0). The agent’s continuation utility evolves as in (9),

which has a unique weak solution.

Proposition 2 is a standard dynamic programming solution. First, the principal pays

the agent only when the agent’s continuation utility exceeds a given threshold, so that
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dCy = max(W; — W¢,0), with F/(WY) = —1 and F”(W¢) = 0. This payment boundary
exists because the agent is risk neutral with respect to consumption and more impatient
than the principal. W represents the point beyond which the cost of saving for the agent
(due to his impatience) exceeds the benefit of avoiding contract termination after series of
negative shocks.!4

Second, the principal chooses K > 0 and has F'(0) = L. This means that the project is
always running and that if the agent’s continuation utility drops to his outside value, the
contract is terminated.!?

Finally, for W € [R,WY), applying Ito’s Lemma to dF(W), we obtain

dF (W) = yW, F'(W,)dt + %ﬁff(Kt)QafF”(Wt)dt + Bof (K)o B (Wy)dZy.

Combined with cash flows, this yields the principal’s Hamilton-Jacobi-Bellman (HJB) equa-
tion, (13). Because the principal’s value function is concave, the F”(W) term is always
negative and represents the principal’s cost of providing incentives to the agent. We discuss
properties of the HJB equation and the dynamics of the endogenous variables K (W), B(W),
o(W), and (W) in the next subsection.!®

3.3 The Contract Description

The optimal contract admits two different types of solutions. In one type, the agency problem
induces the principal to implement levels of project volatility above the first-best, and in the

other type, project volatility is below the first-best. The key distinguishing factor is the

4These boundary conditions are the same as those in DeMarzo and Sannikov (2006), in which a detailed
argument can be found. The principal can always make a lump-sum payment of dC' to the agent, moving
the agent from W to W —dC. This transfer benefits the principal only if F(W —dC) —dC > F(W), and so
we have no transfers if F/(W) > —1. Thus, we define W = min{W|F/(W) < —1}, and the smooth-pasting
condition is F/(W¢) = —1. Since W€ is optimally chosen and the principal has linear utility, we have the
super-contact condition F”/(W¢) = 0. See Dumas (1991) for a general discussion of the smooth-pasting and
super-contact conditions.

15In a more general model with R > 0, the principal can temporarily shut down the project by setting
K = 0 and allowing the agent’s continuation value (W) to reflect upwards. We discuss this generalization
in Section 6. Our proof of Proposition 2 shows that this temporary shutdown only ever occurs at W; = R,
and only for R > 0.

163(W) is understood to mean B(a(W), K(W)), with 8(o, K) defined in (8). Similarly for (W) from (3).
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elasticity of incentives with respect to volatility, evaluated at the first-best:

rp . O0lnp(o, K)

=~ ' 7 14
o Olno ’ (14)

o=ct'B

2 < 01is a constant and does not depend on K. Then, we have

Proposition 3 The optimal contract can take two different forms. The two forms share
the features that the risk of default/separation induces the principal to reduce incentives,

resources, and aggregate cash flow volatility:

1. At W = W€, the optimal contract implements the first-best, with S(W¢) = pF'B = %,
K(WC) = KFP, and S(WC) = ©FB.

2. For W < WC, incentives, resources, and aggregate cash flow volatility are all lower

than the first-best levels, with (W) < B8, K(W) < K¥B, and S(W) < 5.

3. In response to a small change in W, {K(W),S(W), B(W)} all change in the same
direction. If L is high enough, then {K(W),S(W),B(W)} are all monotonically in-

creasing.
However, the two contract forms treat project volatility differently:
a. Under-o (“overly prudent”): If et < —1, then

o o(W) < olfB for all W < W, with equality at W = W¢.

e In response to a small change in W, o(W) changes in the same direction as
{K(W),2(W), B(W)}. If L is high enough, then o(W) is monotonically increas-

ing.
b. Over-o (“overly risky”): If ef% > —1, then

o o(W) > o8 for all W < WO, with equality at W = W¢.

e In response to a small change in W, (W) changes in the opposite direction as
{KW),2(W), B(W)}. If L is high enough, then o(W) is monotonically decreas-

ng.

Finally, if we generalize Definition 1 to allow for resource misallocation (private benefits) in

optimal contracts, then all optimal contracts implement zero misallocation, except possibly
at W¢.
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Proposition 3.1 is derived from the basic properties of dynamic principal-agent models:
the payment boundary (W) exists where the cost of paying the agent (reducing future con-
tinuation utility by promise keeping) exactly equals the benefit (from the reduced possibility
that a future sequence of negative shocks moves W; down to R). Because the agent is risk
neutral with respect to consumption, the principal is effectively risk neutral with respect to
risk in the agent’s continuation utility at W, so F”"(W¢) = 0. Then, there is no cost to
providing incentives (plugging F” = 0 into Eq. 13) and we achieve the first-best at W¢.

Between the left and right boundaries, the cost of incentives prevents the principal from
implementing the first-best project choice. The principal is effectively risk averse because of
the cost of liquidation, so F”(W) < 0 and the flow cost of incentives (from Eq. 13) is

352@(, o)X(K,0)*F"(W) = I\ (ﬂK) )2 ( d )2F”(W) (15)
2 2 \f"(K)) \uo)—op'(o)

There are two useful ways of understanding the principal’s choices. The first is to examine
the principal’s volatility controls, {3, f}. These give us volatility and incentive choices at
the relationship level. The second is to examine the cash flow inputs, {K,o}. These give us
inputs and risk choices at the production level. The mapping between {K, o} and {X, 5} is
given by the formulas for ¥ and 5 (Egs. 3 and 8).

It is clear that the cost of incentives is an increasing function of § and ¥: increasing
either increases the volatility of the agent’s continuation value (left hand side of Eq. 15).
As the principal becomes more effectively risk averse (F”(W) becomes more negative), she
reduces the volatility of the agent’s continuation utility, meaning she reduces g and .. The
result is Proposition 3.2.

A novel result of Proposition 3 is that the optimal contract can implement levels of
project-based risk (o) that are higher or lower than the first-best. The volatility of the
agent’s continuation value is mot a purely increasing function of project-level risk. The
reason is that o affects the volatility of the agent’s continuation value through two opposing
mechanisms: on the one hand, Property 3 shows that 5, < 0. So, implementing a larger o
(which leads to a less risk-efficient cash flow) requires weaker incentives. On the other hand,
cash flow volatility is increasing in project-level volatility since ¥ = f(K)o. The volatility
of the agent’s continuation value is a product of these two effects, ¥, > 0 and B, < 0,
and whether the optimal contract implements a higher or lower o relative to the first-best
depends on which effect dominates.

The elasticity of incentives with respect to project volatility (655 ) captures the effect of
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o on continuation value volatility. When e5%} < —1, incentives can be made much weaker for
high levels of project volatility; enough weaker that total volatility of the agent’s continuation
volatility (5X) is lower for high project-level volatility. When Egg > —1, incentives can
be made only slightly weaker for high levels of project volatility; the dominant effect is
that higher project-level volatility causes higher total continuation volatility. The critical
distinction here is between cash flow volatility and continuation value volatility. The agency
problem dictates that it is the risk of default and termination that generates losses, and
therefore the agent’s continuation value volatility that generates risk for the principal.

While resource levels (K') also affect continuation value volatility through both the incen-
tives and project volatility channels, both channels operate in the same direction (X and
Bk are both positive). More resources imply more total volatility, and stronger incentives
are necessary to prevent shirking with high resource intensity because the marginal return
to productive inputs is lower. Thus the optimal contract always features under-investment
(K; < KT'P) relative to the first-best.

To complete the discussion of Proposition 3.3, we examine the impact of small changes in
W. If a given change in W causes F” (W) to becomes more negative — the principal becomes
effectively more risk averse — then she acts to reduce ¥ and (3, and makes the corresponding
change in K and o. Thus, the instantaneous change in controls is perfectly correlated (1 or
—1). Finally, we are able to show the slightly limited result that if L is high enough, then the
contract’s policy variables are all monotonic. For these economies, decreasing W brings the
principal closer to default, making her more risk averse and increasing the cost of incentives
(making F” more negative).'”

Last but not least, we note that because misallocation is assumed to be weakly inefficient
(A < r), the optimal contract is robust to considering positive resource misallocation in
equilibrium, as shown in the final statement of Proposition 3.

To summarize the results in this subsection, we illustrate an optimal contract in Fig. 3.
We label solutions for 57 > —1 and 0, < ¢"'F as “under-¢”; and solutions for ef” < —1

and o, > P as “over-0.”

1"We have been unable to prove this result for general values of L or to find a numerical counter-example.
Our proof uses the sufficient condition that if L is high enough, then F”/(W) > 0, and the policy variables
are monotonic. However, F"/(IW) > 0 is not necessary for the result nor generically true in models built on
DeMarzo and Sannikov (2006) and Biais, Mariotti, Plantin, and Rochet (2007). These models have constant
mean and volatility for cash flows and the property that for some parameter values, particularly intermediate
values of L, the principal can become less risk averse when close to default. Piskorski and Westerfield (2016)
demonstrates how one can use additional assumptions to obtain sharper results in this class of models.
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(W), B(W)
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W (all plots) W (all plots)
Figure 3: All plots are generated using f(K) = 2K2, L = 1, R = 0, A = 0.02, r = 0.03, and
~v = 0.05. The “Under-0” column uses p(o) = %U% —0.370 and generates W€ = 3.19; the “Over-¢”
column uses (o) = —302 4 o and generates W = 3.27. In the top row, the solid line is F'(WW), and

the dashed line is the right-boundary condition rF(W¢) = max[CF(K,o)] —yW. In the second
row, the solid line is (W) and the dashed line is 3(W).
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4 The Implementation

4.1 Description

In this section, we show that the optimal contract can be implemented with a simple two-part
tariff on production inputs (resources). The most critical features of the implementation are
that the two-part tariff is a static function of the agent’s visible choices, and the principal
does not keep track of the agent’s continuation utility. In other words, after setting up the
two-part tariff, the principal’s role is simply to apply the static functions. In that sense, this
is a theory of institutional design, rather than active management.

The principal offers resources (liquid capital or intermediate goods) to the agent as a

two-part tariff:

e The fixed assets of production (the assets that have liquidation value L) are assigned

a rental price ¢.

e The variable resources used in production, K, are assigned a unit price #. For capital,

0 is a hurdle rate or capital charge; for intermediate goods, 6 is a transfer price.

The agent can freely request any level of resources, cash flow volatility, and even his pay-for-
performance sensitivity (i.e., any combination of {K;, %, 5;}). The tilde notation is used to
indicate that those quantities are choices of the agent. The tariff is adjusted based on the
agent’s choices: 0 = 6(%,, Bt) and ¢ = ¢(2y, Bt), and the cost of resources is deducted from

the project’s cash flows:

AYNEY = Y, — K,0(3,, B)dt — ¢(3y, B,)dt. (16)

The agent retains a fraction of net project cash flows, BtdYtN EW

, which is placed into a
cash account with balance M; that the agent controls. This account grows at interest rate ~y
but the agent can freely withdraw consumption from the account as long as the balance is

positive.'® Thus, the account balance evolves according to:
dM, = yM,dt + B,dYNEW —dc,. (17)

The original agency frictions remain: the agent can both allocate resources so as to obtain

private benefits and change project-level risk. A portion of the obtained resources (Kt < f(t)

18As in DeMarzo and Sannikov (2006) or Biais, Mariotti, Plantin, and Rochet (2007).
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is allocated to the productive project with ;, and the agent obtains the corresponding private
benefit A\(K, — Kt), subject to the chosen volatility constraint: f (Kt)ﬁt = 3,. The agent is
prohibited from borrowing on the account, so we require M; > 0.

The most critical property of the implementation is that it only involves static functions
of the agent’s choices {3, Bt} The equilibrium price levels {8(3, Bt), o34, 5’,5)} are time
varying because the agent’s choices are time varying, but the price functions do not change.
The principal does not need make any dynamic adjustment to those functions based on the
agent’s specific policy choices or his performance history. In fact, she does not even need
to track the agent’s continuation utility; the account M; performs this role. The evolution
of M; is set so that W; = M, in equilibrium, despite the fact that the agent can withdraw
consumption from the account at any time.

We formally summarize the implementation as follows:

Definition 2 (Implementation and two-part tariff) An implementation is a two-part
tariff {o(2, B),0(%, B)} and an account M such that for all t > 0, the agent chooses a set of
actions {it,ﬁt, K, K, dCy} to mazximize his expected utility subject to (16) and (17).

An optimal implementation is a two-part tariff {6(2,5),0(%,5)} and account M that
induces the agent to choose {it,ﬁ’t,Kt,Kt,dCt} as in the optimal contract, with dC; =
max(M; — WY ,0), and the agent quitting when M; = 0.

Interpreting K as capital, our two-part tariff matches the common practice of placing
a capital charge in the profit-and-loss accounting for a desk or division. Sometimes this is
called KVA (Capital Value Adjustment) or FVA (Funding Value Adjustment).'® The goal is
to measure the performance of a desk or division on an on-going basis, often for the purpose
of determining compensation. In private equity, a similar mechanism is a preferred return
to outside investors, in which outside investors capture a given return on capital and the
residual is then split given a sharing rule with the general partner (see, e.g., Metrick and
Yasuda, 2010; Robinson and Sensoy, 2013). More generally, our implementation rationalizes
the use of price controls, rather than quantity controls, in capital budgeting problems.

Interpreting K as an intermediate good, such as microchips or service hours, our two-
part tariff matches the common practice of using cost-based transfer pricing, but imposing

a markup over marginal cost.?’

98ee, e.g., Andersen, Duffie, and Song (2019) for a full description of Funding Value Adjustments, includ-
ing examples and some history.

2069% of firms according to PriceWaterhouse (1984). PriceWaterhouse (1984) and Tang (1992) contain
extended survey evidence.
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4.2 Optimality

An optimal implementation uses the agent’s choice of {i], B } to determine the two part tariff
{¢,0}. We have:

Proposition 4 There exists an optimal implementation with the following properties:

M
s )

(%, 8) =

) = K, 5)ulo(S,5)) — (2, B)K (X, 5) (19)

(18)

)

=™
o >

o2,

where K (3, 5),0(2, ) in (18) and (19) jointly solve the incentive compatibility (8) and
feasibility (3) conditions:

~ A 1
* 7 ) o) — o) 2
Y= f(K)o (21)

and ¢ = 0 = oo if the solution to Eqs. (20) and (21) does not exist.*' In addition, My = W.

Moreover, in equilibrium, E[dY,NEW] =0 for all t.

The optimal implementation is the result of several intuitions about how the agency

YNEW ig ob-

problem is constructed. First, every new element of the adjusted cash flow d
servable to both the principal and the agent. Thus, the underlying hidden action problem is
the same in the implementation as in the original contract setting. Put differently, while it is
usually assumed that the principal takes the agent’s output from the underlying productive
technology as the performance criterion, in fact the principal can look at any augmented
performance criterion that she likes. In our setting, the augmentation is a resource charge.

Second, the value of the resource charge is simple (5’9 = \) exactly because the agent is
already optimizing over resource usage. The agent’s hidden-action optimality implies that
the marginal value of resources used in productive output (E[5;dY;]) is the same as the
marginal value of resources used for private benefits (A). So, to induce the agent to allocate
resources correctly, we do not need to exactly measure the marginal value in productive use;
we can instead set the resource charge equal to the marginal value of private benefits. Thus,

we have 36 = \, which gives the agent no incentive to ask for additional resources for private

21 The solution exists if the given B and ¥ is part of any incentive compatible contract (see Definition 1).
However, some pairs of 8 and ¥ are not part of any valid contract (e.g., § =0 and ¥ > 0).
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benefits. If he were to misallocate resources, he would reduce E [3,dY;] by exactly the value
of private benefits.

The resource charge has two additional features to note:

e The resource charge (hurdle rate, transfer price, unit cost) is always higher than the
resource cost to the principal. The implementation has 6, = A/f;, and the optimal
contract has 3; < \/r; together these imply 6; > r, with equality only at W = W¢.
Thus, the principal always sets the resource charge above the cost at which she obtains

the resource from external markets or other divisions.

e 00/ 9% = 0. The resource cost is adjusted for the agent’s choice of cash flow share,
but it is not additionally adjusted for risk. Again, this is exactly because the agent is
already optimizing: the marginal product of resources in productive use must equal the
marginal value of resources used for private benefits, and the private value is constant.
There is no additional modification for risk. In particular, the principal does not change

the cost of capital to adjust for risk.

Third, the value of ¢ is set so as to make the agent indifferent across any pair of incentive
compatible projects. To generate this indifference, the principal sets the fixed fee qﬁ(i, B) to
extract the entire surplus that remains after the variable cost (#) is deducted. More specially,
given the agent’s choices of {3, B}, and implied value of #, the agent chooses {K, K, 7} so
as to maximize E [dYN EW] (with private benefits set to zero). However, ¢ is set so that this
maximum E [dY¥¥W] is achieved at zero for any {3, 5} the agent might choose. Because
the agent’s expected flow utility is zero for any choice of {f], B}, the agent is indifferent and
makes the principal’s desired choice.

In other words, the agent receives his full value from the contract when it is signed, and
the entire flow of expected producer surplus goes to the principal. Since the agent cannot do

better than the principal’s desired choices, the agent does as the principal recommends.??

22To see this indifference tradeoff in more detail, imagine the agent has continuation utility W/, which
corresponds in the optimal contract to L(W)) and 8(WY). Given incentive compatibility, choosing (W)
and S(W)) results in dW/ = yW/dt + S(W/)B(W})dZ; (from Eq. 9). Now, let us allow the agent to choose
S(W/') and B(W{'), associated with another value of continuation utility W/’. These new choices also lead to
an incentive compatible resource allocation, and they result in dW/ = yW/dt + S(W,")3(W,")dZ;. However,
the agent is indifferent between these two outcomes because E[dZ;] = 0, and so the expected change in
continuation utility is the same under both choices. Further, this is not a product of risk neutrality over
consumption: the Hamilton-Jacobi-Bellman formulation implies that all agents are risk neutral with respect
to continuation utility. This is exactly analogous to setting the agent’s flow continuation utility (see, e.g.,
Eq. 10) equal to zero at the optimum, a property that the martingale representation theorem implies any
incentive compatible contract must have.
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We can understand the agent’s ability to choose his compensation structure (his own
pay-performance sensitivity B) through a trade-off with resource allocation. The ability to
choose 3, is surprising because the private benefit from resource misallocation, ), is fixed.
For example, in DeMarzo and Sannikov (2006) the desired pay-performance sensitivity is
implemented with inside equity that is chosen so that the marginal benefit from reporting
additional cash flow is equal to the marginal benefit from resource misallocation. Both are
constant. However, in our implementation, # is designed such that the agent has to trade off
two different controls, Bt and K,. If Bt is chosen to be very small, the cost of resources is very
high, so the agent has to use the resources productively to avoid a loss of continuation value.
If B, is chosen to be high, then resources are cheap, but the gains to resource misallocation
are lower than the agent’s chosen cash flow residual (pay-performance sensitivity).

We illustrate the shape of the two-part tariff in Figs. 4 and 5. Fig. 4 depicts # and ¢ as
functions of § and ¥, i.e., the level of the two-part tariff necessary to implement a particular
pair of (f,X). Fig. 5 depicts # and ¢ as functions of W, i.e., the equilibrium level of tariff
under the optimal contract for each different state. The patterns plotted are consistent with
the proceeding descriptions. In particular, the resource cost 6 decreases in W because when
the agent’s continuation utility grows, the agency friction is less severe, so the principal
imposes lower costs.

The last part of the implementation, the cash balance, is standard (e.g., DeMarzo and
Sannikov, 2006; Biais, Mariotti, Plantin, and Rochet, 2007). It is a mechanism to turn the
stock of promised future consumption (W) into an explicit account (M) from which the
agent can consume. Since the account has rate of return v, which is equal to the agent’s
time discount rate, the agent is indifferent between the timing of consumption (dC; versus
e’*dCy, s for s > 0). Thus, the agent is willing to consume as per the optimal contract. The
agent quits at M; = 0, receiving outside value R = 0 and matching the optimal contract;
this is because the agent is not allowed M; < 0 and so cannot tolerate any positive volatility
at M; = 0.

Finally, we have written the implementation so that the cost of variable resources (;) is
deducted from the project cash flow instead of the agent’s continuation value or cash account
(M;). This is not required; we could deduct the cost of variable resources from the agent’s
account directly. The difference is whether we interpret the cost as being paid by the agent
or by the project. We have consistently interpreted the resource cost as a divisional charge
(a preferred return on invested capital, a funding value adjustment, or a transfer price),

meaning it is paid by the project, not the agent personally. We can also take either g; or ¥
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Figure 4: These plots are calculated using the values from Fig. 2 and depict the functions in Propo-
sition 4. The two left plots display #(3,%) and ¢(3,%) as functions of 8 for ¥ = LB = 1.05 (solid
line), ¥ = 2%FP (dashed line), and ¥ = ;%P (dotted line). Note that 6(3,%) does not vary
with X so the lines overlap. The two right plots display 6(3,%) and ¢(8,%) as functions of ¥ for
B=pFB = % = 0.67 (solid line), 8 = %BFB (dashed line), and 8 = %ﬂFB (dotted line). These plots

1
are generated using A = .02, r = .03, f(K) = 3K%, and (o) = 0.07 + .5 (62 — 0.05%)* — 0.550.

out of the agent’s choice set; i.e., we have presented the most decentralized implementation

by giving the agent the choice over both 8; and ¥; as well as K;, but that is not required.

5 Empirical Discussion

5.1 Capital Budgeting and the Cost of Capital

In addition to the qualitative features of our implementation, the equivalence of a Funding
Value Adjustment or the private equity preferred return discussed earlier, our implementation

captures some broadly observed stylized facts surrounding the use of hurdle rates for capital
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budgeting:?3

e Most or almost all firms use DCF methods with a hurdle rate. That hurdle rate is
substantially above both the econometrician-estimated and firm-estimated cost of cap-
ital. For example, Jagannathan, Matsa, Meier, and Tarhan (2016) reports an average
hurdle rate of 15% compared to an average cost of capital of 8%. They find that this

is not likely to be caused by behavioral biases or driven by managerial exaggeration.

e Firms engage in deliberate capital rationing. This rationing is often a response to
non-financial constraints; more than half of firms report that they pass up apparently
positive NPV projects because of constraints on managerial time and expertise (55.3%,

according to Jagannathan, Matsa, Meier, and Tarhan, 2016).

e Most firms (58.8%), according to Graham and Harvey, 2001) use a company-wide dis-
count rate that is not adjusted for project risk, and very few firms (15%, according to

Graham and Harvey, 2001) use divisional hurdle rates.

Our model is consistent with these results on hurdle rates and capital rationing: first
and foremost, we demonstrate in Section 4 that the equilibrium hurdle rate is indeed higher
than the firm’s true (external) cost of capital (i.e., §; = A/, > r). This is optimal because

the agency problem imposes a constraint on the use of managerial time and expertise. The

23This list is a summary of results in Jagannathan, Matsa, Meier, and Tarhan (2016), Graham and Harvey
(2001, 2011, 2012), Jacobs and Sivdasani (2012), and Poterba and Summers (1995).
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principal must offer the agent a portion of residual cash flow in order to induce the desired
project choice and capital usage. This portion, combined with limited liability on the part
of the manager, creates the possibility of termination, which entails the loss of a high NPV
project. To avoid the larger loss, the principal accepts the smaller loss of reducing the scale
of the agent’s activity in order to lower the volatility of the agent’s residual claim. Moreover,
our model is consistent with firms using hurdle rates that do not vary with project risk.
Again, this is exactly because the agent is already optimizing: the marginal product of
capital in productive use must equal the marginal value of capital in private benefits, and

the private value is constant. There is no additional modification for risk.

5.2 Transfer Pricing

Our implementation also provide a rationale for observed practices of transfer pricing. In
particular, the majority of firms (69%, according to PriceWaterhouse, 1984) that use cost-
based transfer pricing imposes a markup over the marginal cost. Our paper demonstrates
the optimality of such a markup policy: the principal (i.e., the headquarters) implements the
optimal allocation and risk policies via a transfer price (¢;) that is higher than the marginal
cost of the input (r). Importantly, the markup implements an optimal contract, which is
different from existing models that rationalize the use of the such policy among a set of
restricted mechanisms or incomplete contracts.?*

The transfer pricing literature points to two primary determinants of transfer prices:
taxes (which are important for multinational firms but relatively less so for domestic-only
firms) and incentives. Consequently, a two-book accounting system is a common practice.
In this paper, we implicitly assume that firms can completely separate the two prices in their
accounting while still including the tax effects of transfer pricing when projecting cash flows.
Hiemann and Reichelstein (2012) and Hyde and Choe (2005) are part of a long literature

that analyzes the challenges associated with these accounting schemes.

28ee, e.g., Gox and Schiller (2006) and Baldenius (2008) for a summary of the incomplete contract models
on transfer pricing. Restricted mechanisms are also common. For example, Sahay (2003) demonstrates the
advantage of the markup strategy by comparing it to an alternative, “multiplicative” strategy in a standard
two-division framework. Baldenius, Dutta, and Reichelstein (2007) argues that the “competitive hurdle
rate” mechanism (i.e., hurdle rate above the headquarters’ cost of capital) optimally solves the division’s
moral hazard problem while assuming an exogenous capital constraint. Other examples include Vaysman
(1996), Vaysman (1998), Baldenius, Reichelstein, and Sahay (1999), , and Pfeiffer, Schiller, and Wagner
(2011). In contrast, we study a dynamic agency problem and the internal transfer scheme that implements
the optimal contract. We expand from existing studies by showing the optimality of the cost-markup among
any arbitrary pricing mechanism in our model.
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The seminal work in the incentive-based transfer pricing literature is Harris, Kriebel,
and Raviv (1982), while Rajan and Reichelstein (2004) summarizes the follow-up literature.
Harris, Kriebel, and Raviv (1982) analyze a mechanism design problem in which divisions
have hidden information about productivity and preferences that diverge from those of head-
quarters. Importantly, the transfer pricing scheme is a menu of combinations of price and
quantity that is not linear. As argued by Rajan and Reichelstein (2004), the scheme is
centralized because the firm’s central office commits to allocation and compensation rules
for all possible combinations of (multi-)divisional reports. Their allocation is also of a bang-
bang nature in that a division receives either zero resource or highest possible amount of
resources. Our implementation differs in major ways. First, headquarters only commits to a
price (determined from the agent’s choice of compensation structure), while the agent selects
the resource quantity. Thus, our scheme is more decentralized. Second, the agent’s choice
is continuous, and because the price is almost always above the marginal cost, the agent
almost always asks for and receives fewer resources than in the first-best. Third, our model
is dynamic but the price schedule is static; thus, the agent’s choice of project and produc-
tivity (volatility and mean cash flow) can vary over time, but the optimal transfer pricing
scheme does not need to be continuously updated. All three of these features improve on
matching observed practice: stated prices, with markups above marginal cost, that do not

change continuously and allow for discretion by the manager.

5.3 Risk Taking and Pay-Performance Sensitivity

Dynamic adjustment in risk taking (o) can lead to overly risky or overly prudent investments.
The source of this result is the difference between the volatility of the agent’s continuation
value, which is what drives the principal’s termination/default risk, and the volatility of the
cash flow. The volatility of the agent’s continuation value is the product of project cash
flow volatility and the intensity of incentives. Thus, depending on model specification, risk
reduction can mean reducing project volatility or allowing project volatility to increase in
order to reduce incentive intensity. One result is that actions that look like risk shifting can
actually be risk reducing.

The dynamic risk adjustment can generate strong empirical differences between the static
and dynamic responses to incentives; the time series and the cross section might look very
different because of different sources of variation. Consider, for example, the static 5(K, o)

function in (8): we have 5, < 0, meaning that for any given state of the world, stronger
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incentives cause lower project risk taking. However, when we consider the path of outcomes
over time, the correlation between incentives and total risk (8 and X) is positive (see, e.g.,
Fig. 3 and Proposition 3.4). At the same time, the correlation between incentives and
project risk (5 and o) can be positive (in the under-o specification) or negative (in the over-
o specification). Thus, the causal results and dynamic correlations can have opposite signs.
We illustrate this in Fig. 6, where the dashed line depicts how the economy evolves as a
function of W, and the solid lines are the function S(K, o) for two different values of K.
Empirically, this result means that our model predicts different results for time series and

cross-sectional tests in the under-o specification, because the source of variation is different.?’

25The empirical literature has indeed found contradictory results across different settings. While some
studies find that firms increase risk taking following poor performance (e.g., Eisdorfer, 2008), others find no
such effect (e.g., Andrade and Kaplan, 1998) or a reduction of risk (e.g., Gilje, 2016). The asset management
literature paints a similarly mixed picture (e.g., Rauh, 2008, Huang, Sialm, and Zhang, 2011, Aragon and
Nanda, 2011, and their discussions of the literature). Note that while these empirical studies address different
institutional backgrounds and may follow different assumptions, our model suggests that more sophisticated
controls are needed to assess the relationship between risk choice and performance. The relationship should be
consistent in the time series for each firm, but differ in the cross section based on unobservable characteristics,
like investment opportunities.
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If the dominant source of variation is the history of success or failure (which changes over
time), then we should see a positive relationship between the agent’s share and volatility.
This is movement along the dynamic curve, and may be more likely in time series variation.
If the dominant source of variation is firm characteristics that are stable and not the history
of success or failure, then we might see a negative relationship between the agent’s share
and volatility. If our model is correct, then an experiment or identification that uncovers
the causal mechanism between the agent’s share and volatility would show the static curve,
which we predict to be a negative relationship.

The over-o specification does deliver another empirical test. In settings with easily scal-
able investment and in which the relevant risk is agent-separation, rather than default,
increasing project risk after failure should be more common. Investment funds, especially
mutual funds and hedge funds, would seem to be good examples. To the extent that fund
manager skill is real, the primary danger to fund value is that the high-skill manager leaves.
In fact, many empirical results (e.g., Chevalier and Ellison, 1997, Aragon and Nanda, 2011,
Huang, Sialm, and Zhang, 2011) find increasing project risk after failure. However, those
studies often attribute the increase in risk to convex incentive schemes. Our mechanism is
different: increasing project risk actually decreases termination risk. A useful empirical test
would be to distinguish changes in inside and outside values, and to see to what extent that

difference impacts investment risk.

6 Further Discussion and Conclusion

6.1 Model Robustness

In the Appendix and Internet Appendix, we present and discuss several extensions to our
model.

In the Appendix, we generalize the outside options of the principal and the agent from
L > 0 and R = 0 to the more general L > 0 and R > 0. The primary outcome is that
the principal can choose K = 0 for some histories, meaning the firm temporarily shuts
down. This temporary shutdown only ever occurs at W; = R, at which point the agent’s
continuation value reflects upward and the firm re-starts operations.

In the Internet Appendix:

1. We allow private benefits to generate cash flow volatility, so that total volatility is
¥, = f(Kt)u(&t) + MK — f(t)e. We show that if € is high enough, we change the

31



sign of % B(K, o) so that stronger incentives are used by the principal to increase risk

taking.

2. We allow the private benefits function (A(K; — K;) in the main model) to have an
arbitrary form (A(K;, K;)). This allows contracts that have overinvestment (K, >

KFB) and efficient diversion (K; > K, in an optimal contract).2

3. We allow for an additional effort choice by the agent. This changes the dimensionality
of the agent’s problem so that the principal uses two controls (5 and X)) to induce three
choices by the agent (K , 0,and €). The principal can only implement a two-dimensional

curve in a three-dimensional space. The primary result is that the economics of the
(K, &) choice differ from that of hidden effort.

The purpose of these extensions is to demonstrate model robustness — that the agency
problem over the components of volatility does not depend for its existence on the specific
reduced-form assumptions we have made in our presentation. The contract implementation
is substantively unchanged as a result of the first two modifications, except for the particular
values of {¢(X, 3),0(2, 3)}.2" With an arbitrary private benefits function, the conceptual
form of the implementation, a static set of formulae for the cost of resources, remains un-
changed, although that cost is no longer linear in K. If we add an additional effort choice by
the agent with arbitrary cost function, then the agent’s problem implies a non-linear private

benefits function, so the implementation also involves a non-linear pricing scheme.

6.2 Conclusion

Continuous-time principal-agent models have developed rapidly with applications to expand-
ing areas of economic research. Despite the progress, almost all of the existing models involve
the agent controlling the drift of the output/cash flow process. We add to the literature by
considering the optimal contract when the agent controls the volatility. In the model, overall
cash flow is made up of two components: the individual risk of the project and resource

intensity, both of which are observable only to the agent. The principal must incentivize

26This result complements other studies featuring overinvestment under the optimal contract in which
other market frictions and elements are introduced on top a dynamic moral hazard problem; for example,
Ai and Li (2015) and Bolton, Wang, and Yang (2019) with limited commitment, Szydlowski (2019) and
Gryglewicz, Mayer, and Morellec (2020) with multitasking, Gryglewicz and Hartman-Glaser (2020) with
real options.

2TTo allow for shutdown, one only needs to have {¢ = 0,0 = oo} as one possibility for the two-part tariff.
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the agent to choose the desirable level of project risk and resource intensity. Such a setting
represents a unique and different environment from a drift-control model such as modified
versions of DeMarzo and Sannikov (2006) or Biais, Mariotti, Plantin, and Rochet (2007).
Interestingly, we find that the optimal incentives can be implemented with a simple
resource change (hurdle rate or transfer price) against which the agent’s performance, the
realized cash flow, is measured. The agent is allowed to propose the level of resources and risk
he wants, and even his own incentive power. Moreover, the principal is freed from the need
to keep track of the agent’s performance. A natural direction of future research is to explore
the implications for asset pricing and portfolio intermediation (e.g., Buffa, Vayanos, and
Woolley, 2015 with an optimal contract). Our resource charge is analogous to the required
return of limited partners or outside investors, and the joint determination of contracts and

equilibrium asset prices is a natural question to explore.
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Appendix

A Proofs and Derivations

In this appendix, we provide proofs of propositions included in the main text. We assume
only that L > 0 and R > 0. The restriction to L > 0 and R = 0, as discussed in the text of
Section 2, is a corollary.

To reduce the level of mathematical formalism, we maintain the following assumptions:

Assumption A.1 f(K) and p(o) satisfy the following assumptions in addition to those
mentioned in Section 2.1:

2
1 dc%(%) >0 for all K > 0.

2

2 ag

2. %(m) ZOfOT’CL”O'Zg.

3. There is a minimum positive level of resources that the principal can grant the agent:
K € {0U [k, 00)} for some ky > 0 very small.

The first line ensures that decreasing returns occurs smoothly enough for the principal’s
problem to be strictly concave, so that there are no jumps in K;. The second ensures that the
variance of the agent’s continuation value is convex in the standard deviation of the project’s
cash flow. Altogether, these restrictions are economically innocuous and consistent with most
commonly used production functions and risk-return relationships. Examples of f(K') that
meet the conditions include f(K) = In(1+K) and f(K) = K%, a € (0,1). Examples of u(o)
include pi(0) = 0 —bo, a € (0,3); p(o) = bo— 0 a > 1; and u(0) = p+Cy/0? — g2 — bo,
which is the mean-variance efficient frontier if the agent has access to several projects with
normally distributed cash flows. In that case, we assume C' and p are not too large.

The final condition simplifies the proof of the existence and uniqueness of the princi-
pal’s Hamilton-Jacobi-Bellman ODE. One should think of ky as being very small: e.g., the
principal cannot allocate less than one penny of capital without allocating zero capital. Our
assumption is a restriction on the principal rather than on the agent: incentive compatibility
conditions are required at K = ky. This assumption can be relaxed without changing the
economics of the problem, but at the cost of a great deal of added formalism. See Piskorski
and Westerfield (2016) for such a proof, when the principal’s control can go continuously to
ZEro.

A.1 R >0 and Temporary Shutdown

Once we generalize our assumptions to L > 0 and R > 0, the principal can choose K = 0
for some histories. This represents a temporary shutdown of the firm by the principal. Our
principal’s proposition is:
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Proposition 5 A solution to the principal’s problem F(W) ezists, is unique, and is concave

onW € [R,WC], where W is chosen so that F'(WY) = —1 and F"(W¢) = 0. F(W) solves

rF(W) = max

| FE)ulo) = 1K + AW F (W)
Ke{0U(ko,00)}; 0€(0,5)

5B, 0) )0 E ()| 22)

F(W) is C for all W and C? for all W € (R,WY), and has F(R) = L > L* if K(R) > 0 and
F(R) = L* if K(R) = 0. Further, K(W) > 0 for W € (R,W€]. The agent’s continuation
utility evolves as in (9), which has a unique weak solution.

This Proposition is what we prove in the Appendix. Proposition 2 is a corollary.

The key result is that termination is optional for the principal: if the principal chooses
K (W) =0, then the law of motion for W; (9, with ¥ = 0) implies that W, reflects upwards
at W. Thus, shutdown is temporary. The principal only optimally chooses K = 0 at W = R,
and only when L < L*, for some constant L*.

The fact that the principal only chooses K = 0 at W = R arises because setting K = 0
is costly, so the principal wishes to delay paying that cost as long as possible. There are two
costs to setting K = 0. One is an opportunity cost because any time with K = 0 is time
the principal might otherwise have positive expected cash flow. The second cost is incurred
by causing W; to reflect early: the reflection is closer to the agent’s consumption boundary,
and the agent will be awarded consumption sooner.

The fact that the principal only chooses K = 0 if L is low is economically straightforward:
the principal only avoids default and termination if her value in default is low. If L is high
enough, the principal simply accepts default rather than pay the opportunity cost associated
with K = 0. Note that because of the costs associated with termination, the principal’s value
function is concave regardless of whether termination occurs in equilibrium. If L > L*, there
is a direct cost associated with termination as long as L is less than the discounted, first-
best cash flow. This cost makes volatility undesirable, and the principal’s value function
is concave. If L < L*, there is a direct cost to termination that the principal avoids in
equilibrium, choosing instead to pay the opportunity cost of shutting down the project. The
principal forgoes the project’s cash flow, allowing the agent’s continuation value to reflect
upwards.

Our model’s temporary shutdown is different from that of Zhu (2013), who shows that the
principal can relax incentives to either pay the agent with private benefits instead of cash or
relax incentives to prevent termination/default after bad cash flow realizations. Zhu (2013)
has fixed project scale, so when incentives are relaxed the principal cannot also restrict
private benefits to the agent. Further, the principal might have to shut down incentives
before termination would otherwise happen (incentives can be relaxed at W > R) to ensure
that the agent’s continuation value is high enough to support both private benefits and the
continued project.
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While our model does feature an incentives shutdown, the mechanism is very different
because the project’s size is endogenous. In our model, the principal has to pay an ongoing
cost of resources (rK;) in order to fund the project; the level of resources determines the
project’s scale and the potential private benefits available to the agent. Since paying the
agent with private benefits delivers benefits that are less than the principal’s resource cost
(A <), the principal always couples zero incentives with zero project size. This prevents the
agent from receiving additional negative cash flow shocks, so the agent’s continuation value
drifts upward, and the project can continue. Because this shutdown is costly, the principal
delays as much as possible, and our firm does not shut down until the last moment, W, = R.

A.2 Proof of Proposition 1

This proof is a slightly modified version of a proof in Piskorski and Westerfield (2016), which
in turn is closely based on a proof in Sannikov (2008). First, define the agent’s total expected
utility received under a contract conditional on his information at time ¢ as:

U, = EX [ / e "dC, + / e NAdu + e R\ F |
0 0

where A, = K,, — K,. We note that the process U = {U, F1;0 <t < 71} isan Fi-martingale.
The expectation is taken with respect to the probability measure induced by {K,d}, such
that fOT S dZE%dt = fOT dY;, — fOT F(K)u(6,)dt is a martingale for all T > 0. Recall here
that oy, 64, K;, and K; are all bounded from below by zero and from above by positive
constants, so Y is also bounded below by zero and above by a positive constant. Then,

by the martingale representation theorem for Lévy processes, there exists a F;-predictable,
integrable process 3 such that

t A
U, = Uy + / e B, dZ T (23)
0
Recall the agent’s continuation value WtK& defined in (4). We have
t t . o
Uy :/ e *dC, —l—/ e VN du + e W0 (24)
0 0
for ¢t < 7. Differentiating (23) and (24), we obtain
dU, = e BB dZ17 = €70, + e AN — ye W dt + e W,

therefore

AWET = AWETdt — dC, — MAdt + B,5,dZ5°.
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This equation also implies the evolution of promised value given in (6), and the evolution
given in (9) for {K 0} ={K,o}.

Next, define U, to be the payoft to a strategy {K 7} that consists of following an arbitrary
strategy until time ¢t < 7 and then {K, o} thereafter, then

t t
U, = / e dC, + / e TNA du + e W
0 0

Differentiating U, and combining terms yields
tdl, = A (Kt — f(t> dt + B,5,dZ5°
= (K= )+ R — F( o) + iz

where the second equality reflects a change in the probability measure from the one induced
by {K,o} to the one induced by {K,5}. Recall here that both {K,o} and {K,#} must
generate the same X, per the agent’s constraints. If (7) does not hold on a set of positive
measure, then the agent could chose {K,&} such that

Bf (Ko)u(6:) — MKy > By f(Ky)p(oy) — MK

So, the drift of U is always nonnegative and strictly positive on a set of positive measure,
which implies

257 0] > 0 = Wi,

and that the strategy {K, o} would not be optimal for the agent. If (7) does hold for the
strategy {K, o} then U; is a super-martingale (under the measure induced by {K,5}) for
any strategy {K, &}, that is,

ER (0] < Oy = Wi,

which proves that choosing {K, o} is optimal for the agent if and only if (7) holds for the
strategy {K,c}.

Finally, incentive compatibility requires that 5 > 0 because otherwise it is impossible for
(7) to hold at K=K >0.If K, = 0, then K, = 0 and no deviation is possible, so the value
of (3, is irrelevant and we say (; = 0.

Substituting the constraint ¢ = % into (7) yields a new maximization problem
K BE(R ) [ — AK (25)
= arg max — | — \K.
& 0<K<K : f(K)
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The first order condition is

BF (K (&) = BF (K ()6 — A =0. (26)
Meanwhile, the second order condition is

BF"(K) (1(&) = 1 () 6) + Bf (K)u"(6)5* <0, (27)

where the inequality follows from f”(K) < 0, u"(0) < 0, and § > 0 (which implies u (6) —
' (6) 6 > 0). Therefore, there is a unique maximum described by the first-order condition.
Rearranging (26), and remembering 0 < K < K, yields (8). Substitution of {¢, K} = {0, K}
into (6) yields (9).

A.3 Proof of Propositions 2 and 5

We prove Proposition 5, of which Proposition 2 is a corollary. We start with four preliminary
results:

Lemma 6 Any solution to the principal’s value function problem must have consumption
awarded to the agent at W€ such that W < WC, with F'(W¢) = —1 and F"(W¢) = 0.

These are the value matching and super-contact conditions.

Lemma 7 Let F be a C? solution to (22). Assume that the boundary conditions in Lemma
6 are met at some we, ‘but ignore the boundary condition at W = R. Then F"(W) <0 for
all W < W€ on which F is defined.

Proof. Taking the derivative (from the left or the right) of the HJB equation (22) with
respect to W and using the envelope theorem yields

1
0= (y—r)F'(W)+WF'(W)+ 522(W)52(W)F"'(W) (28)
If F/ =0 and F"” < 0, then (28) implies F' > 0. Moreover, from (22), F” =0 and F’' > 0
together imply rF > max[f(K)u(o) — rK], which is impossible since max[f(K)u(c) — rK]
characterizes the solution under the first-best scenario. Therefore F” = 0 and F"' < 0 are

jointly impossible: if F” = 0, then it must be that F” > 0 (i.e., F” can only cross zero from
below). Therefore, if F”"(W¢) = 0 for some W, then F” <0 for W < W¢. m

Lemma 8 Let F' and F be C? solutions to (22). Assume that the boundary conditions in

Lemma 6 are met at WE and W€, respectively, but ignore the boundary conditions at R.
Then the following four statements are equivalent:

o WC <« WC
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o F(W) > E(W) for all W < W€ such that F and F both eist.
o F/(W) < F'(W) for all W < W such that F' and F both eist.
o F'(W) > F'(W) for all W < W such that F and F both exist.

The arguments in Piskorski and Westerfield (2016), Lemma 8, are sufficient.

Lemma 9 Let F' be a C? solution to (22). Assume that the boundary conditions in Lemma
6 are met at some Wc, but ignore the boundary condition at W = R. Then, if the principal
chooses K(W) = 0, the law of motion for Wy (9, with ¥ = 0) implies that Wy reflects upward
at W. The principal optimally chooses K = 0 only at W = R.

Proof. First, any solution to the ODE characterized by (22) with K (W) = 0 for any
W > R can be improved by moving the K = 0 transition point to the left. The principle
of optimality®® implies that at W for which K (W) = 0, we must have continuous F(W)
(the value-matching condition) and continuous F'(WW) (the smooth pasting condition). In
addition, if the highest W for which K (W) = 0 lies in the interior of W (i.e., W > R), then
F"(W) must be continuous as well (the super-contact condition). Finally, there can be at
most one value of W for which a transition exists.

Our problem makes the continuity of F”(W) at W impossible. With W > R such
that K (W) = 0, (22) becomes 0 = —rF (W) + yWF'(W) for R < W < W. Taking the
derivative, solving for F’(W), and substituting that back into 0 = —rF(W) + yWF'(W)
yields rF(W) = —%W2F/’(W) for R < W < W. Since F(W) is bounded above by the
first-best, it must be the case that F”(W) is bounded from below by a constant and this
bound does not depend on ky. However, inspection of the first-order condition of (22) for
K, remembering that ¢ and 3 are bounded, implies that F”(1) is arbitrarily negative if ko
is arbitrarily small. This is a contradiction, so the second derivative cannot be continuous,
and the transition from K = ky to K = 0 cannot be optimal on the interior of W.

In addition, there cannot be a transition from K > ky to K = 0 on the interior of W,
using the continuity of F”(W) and the maximization conditions for K. =

We now proceed to analyze the HJB equation (22).2° A necessary condition for optimality
(Lemma 9) is that K > kg on W € (R, W], so we first consider that region first. Re-writing
(22), we have

Py~ i TEON = I(lo) K W E(W)

29
K>ko; 0€(0,5) %5([(, 0)?K?%0? (29)

288ee Dumas (1991) for a detailed theoretical discussion or Piskorski and Westerfield (2016) or Zhu (2013)
for applications in a similar setting.

29This part of the proof is based on a similar proof in Sannikov (2008), altered to this setting and extended
to include the possibility that the agent’s volatility might be zero.
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The right hand side can be written as the function Hyg (W, F(W), F'(W)), which is
differentiable in all of its arguments. Since K and j are bounded away from zero and
infinity, Hr , has uniformly bounded derivatives in F'(W) and F (W), and H , is Lipschitz
continuous in F(W) and F'(W). Tt follows that solutions to (29) exist, are C? and are unique
and continuous in initial conditions.* Inspection of (29) and (28) shows that the solution is
at least C3, rather than just C2 on W € (R, W¢).

To complete our solution, we need to show that our remaining condition can be met:
that for any L, either there exists a W¢ such that F(R;W¢) = L and K(R) > 0 or there
exists a WY such that F(R; W) > L and K(R) = 0. We need only consider K = 0 at R
from Lemma 9.

Lemma 8 shows that proposed solutions to (22) that obey the right boundary condition
can be ranked by the proposed value WC. For W€ = R, we have the highest solution with
rF(R = W¢) = max [f(K)u(c) — rK] — yR. As we increase W, F(W; W) declines for
all W; thus, limy g F(W; Wc) declines as WC increases.

Within the set of solutions that obey the right boundary condition, we consider the subset
with K (R; W) > 0. Label the infimum value of F(R;W¢) as L*, and the corresponding
value of W€ as WO, Any solution with K(R; WC) > ( must be better than the principal’s
value with K = 0 and immediate payment (flow yRdt), which is finite. Thus, L* and W¢*
are both finite.

Because solutions are continuous in initial conditions, L* is also the maximum value of
F(R; W) among all proposed solutions with K (R) = 0. Then, consider the proposed so-
lution with W such that K(R,W") = 0 and F(W;W") = L*. This solution can be
implemented for any value of L: because K(R;W¢") = 0, there is no termination and L is
never realized. This solution is preferred to all other no-termination solutions by construc-
tion.

If, instead, L > L*, then the principal prefers to allow termination, with K'(R) > 0. Since
L is greater than the infimum value of F(R; W) among all proposed solutions with K (R) >
0, and solutions to the ODE are continuous in initial conditions and ordered (Lemma 8),
there exists exactly one solution with W < W such that F (R; WC) = L.

This shows existence and uniqueness of solutions to the HJB equation with a given
liquidation value L: If L > L* then K (W) > 0 and solutions exist and are unique by the
arguments given above. If L < L* then we use the solution that generates K(R) = 0 and
F(R) = L*, which exists and is unique.

Standard existence and uniqueness results (see, e.g., Karatzas and Shreve, 1998), ex-
panded to include Sticky Brownian Motions (see arguments from e.g., Harrison and Lemoine,
1981 or Engelbert and Peskir, 2014) are sufficient to show that (9) has a unique solution and

30To see these conditions directly, use one of the first order conditions (K or o) to solve out F”, and
observe that, for regions in which {K, ¢} are interior, (29) is a first-order ODE that can be solved through
direct integration, taking K(W) and o(W) as unknown, bounded functions. Similarly, in regions in which
K = ko, we have constant or bounded coefficients and standard results imply existence and uniqueness there
(see e.g., Piskorski and Westerfield, 2016 or Zhu, 2013). We use the more powerful Lipschitz continuity to
show that the solution is C2.
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0 1 2 3 4
Continuation Value: W

Figure 7: We generate right-to-left shooting solutions to the HJB ODE equation by varying the
right boundary point W along the line described by rF(W¢) = max(CF) —yW¢ (dot-dash grey
line). Our parameter choices implies L* = 0. The solid line is the solution with F'(R =0) =0 = L*.
The dotted lines are also solutions to the HJB, but they have K(W > R) = 0 and achieve lower
values for the principal than the solid black line. The small circles indicate values of W with
K(W) = 0, at which point W reflects upward. The higher, dashed lines are solutions with a
high value of L and default in equilibrium, F(R) = L > L* and K(R = 0) > 0. The plot uses

p(0) = 0.07 + 5 (0% — 0.05%) % — 0550 and f(K) = 3K 3.

that W, is a Sticky Brownian Motion near W if K(Wg) = 0.

The proof is completed with a standard dynamic-programming verification argument.
We illustrate F'(W) under various parameter choices in Fig. 7, with the consumption bound-
ary rF(WY) = max(CF) — YWY obtained by substituting in the consumption boundary
conditions (F'(W¢) = —1 and F"(W¢) = 0) into the HJB equation.

Corollary 10 If R =0, then L* =0. L > 0 implies the principal chooses K > 0 for all W,
and the boundary value is F(R = 0) = L, and F(W) is C3.

Proof. If R = 0 and K = 0, then dW = 0dt, and no further consumption is realized for
either party. Thus, the principal chooses to obtain L if L > 0,i.e., L*=0. =

A.4 Proof of Proposition 3

The following preliminary lemma is useful throughout the proof:

Lemma 11 If L is large enough, then F"' (W) > 0.
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Proof. Taking the derivative of the HJB equation (22) with respect to W and using the
envelope theorem yields

0= (1= 1) F(W) 4 W /(W) + " () R2(0) F (V). (30)

Using (30), F"(W) < 0 and F'(R) < 0 are sufficient to show that F"(W) > 0. F"(W) <0
follows from Lemma 7, so we need only show that if L is large enough, then F'(R; L) < 0.
Lemma 8 shows that F(R; L) is monotonically decreasing in L. If L = CF(K¥B ot'B)/r,
then W¢ = R and F'(R) = —1. Thus, there exists an L* < CF(K'B o¥B)/r such that if
L > L* we have —1 < F'(R;L) < 0. m

We now prove Proposition 3. First, direct substitution of the boundary conditions at
W€ into the principal’s HJB equation (22) yields the result for W = W¢.

Next we begin with the results for K and . We examine ¥ and  below. For K and o,
we have from (22):

rF(W) =max CF(K,o) +YyWF' (W) + %g(K)Qh(J)QF”(W) (31)
FOC(K): CFk(K,o)+ ¢ (K)g(K)h*(o)F"(W)

FOC(o): CF,(K,o)+ g*(K)k (o)h(a)F"(W).

where CF(K,0) = f(K)u(o) — 1K, g(K) = f(K)/f'(K), h(o) = Ao/(u(o) — op'(0)).
Assumption A.1 is sufficient to ensure concavity of the HJB equation with respect to K and
o. We remember that CF,(K,c"?) = 0 for any K and CFg(K,o) > 0 implies K < KB
for any o.

Because ¢'(K) > 0 and F"(W) < 0 for W < W¢ FOC(K) implies K < KB for
W < WC. In addition, K (W) increases in W if and only if F”(W) increases in W, by the
implicit function theorem applied across both FOC conditions. F" (W) is positive if L is
large enough, from Lemma 11.

i (0) _
wo)—op' (o) oc=gFB
0. Further, some algebra shows that ef” < —1 if and only if h'(¢"") < 0.

Then, we observe that if #'(c(W)) = 0 for any W, then FOC(o) implies CF, = 0.
In turn, CF, = 0 implies o(W) = o"P, regardless of K. In fact, ¢ solves FOC(0)
everywhere, so (W) = o8 for all W, and also h'(cFB) = 0. If, instead, h/(c¥B) # 0,
then, since h/(o(W)) must be continuous in W, k/(¢(W)) = 0 is impossible, and the sign of
h'(o(W)) must be the same for all W .3!

Then, if A (cfP) > 0, we have h'(c(W)) > 0 for all W < W¢. So, FOC(o) im-

For o, a preliminary: direct substitution of (8) into (14) yields ef =

3'More intuitively, u(o) is both a benefit function for the principal through cash flows and a cost function
through incentives and volatility. If, by coincidence, the benefits are maximized unconditionally at the same
value of ¢ for which the costs are minimized unconditionally, then that value of o is always the solution to
the principal’s problem. Otherwise, there are two non-interacting regions of the parameter space: A’ > 0 in
which the cost of incentives pushes ¢ down, or A’ < 0 in which the cost of incentives pushes o up.
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plies o(W) < o for any W < W, In addition, o(W) increases in W if and only if
F"(W) increases in W by the implicit function theorem. Similarly, if h/(¢¥?) < 0, we have
R (a(W)) < 0 for all W < WC. So, FOC(c) implies o(W) > o8 for any W < W¢. In
addition, o (W) decreases in W if and only if F”(WV) increases in W by the implicit function
theorem. F" (W) is positive if L is large enough, from Lemma 11.

Second, (22) can be written as

PE(W) = | CE(S, 5) + W /(W) + %ZQBQF”(W) (32)
FOC(S) : CFu(S, )+ SA2F" (W)

FOC(B): CFs(%,B) + S2BF" (W)

where CF(3,X) = CF(K(B,%),0(83,%)). Because the first-best has CFyx (KB otB) =0
and CF, (KB g'B) = 0, there are corresponding values of {575, X8} that have
CFg(K(BFB XEB) o(BFB,2EFB)) = 0 and CF, (K (B8, XFP) o(BFB, LFB)) = 0.

The second order conditions for the HJB equation (32), evaluated at {372, B} are

SOC(B)|gresrey: CFgi - (Kg)* + CFyq - (05)? <0 (33)
SOC(E”(/BFB,EFB) . CFrx - (KE)Q + CF,y - (02)2 < 0, (34)

where the inequalities follow from C'F g < 0 and C'F,, < 0.

Because the first-best is unique, with C'F3 = 0 and C'Fy, = 0, we also have that C'Fz > 0
implies 3 < 78 and C'Fy, > 0 implies ¥ < 2P, Then, F"(W) < 0 for W < WY, FOC(%),
and FOC(f) together imply Z(W) < LB and S(W) < BFB for W < WC. In addition,
Y(W) and B(W) increase in W if and only if F”(W) increases in W, by the implicit function
theorem. F" (W) is positive if L is large enough, from Lemma 11.

Finally, we generalize the definition of optimal contract to allow for misallocation in
equilibrium. Assuming that the principal offers the agent a recommended level of resource
misallocation, d;, to go with the assigned level of resources, K; + &;. Then the contract is
incentive compatible if it implements K, = K; and 6, = 8. The incentive compatibility
condition (7) becomes

{Kt7 5t7 O't} = arg . R ma}g [ﬁtf(f(t)u(&t) + A (Kt —+ 5t — Kt>i| . (35)
Ki+01=Ki+6¢; f(Ki)ot=f (K)ot

Note that the agent-controlled portion of the right hand side is the same as in the original
IC condition (7). The first order conditions imply that §; becomes

A 1
= Blov K = 5085 X alon) — wlonar (30)
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The evolution of the agent’s continuation value becomes
th = ’}/Wtdt + ﬁtEtdZt - /\(5tdt - dCt . (37)

The principal’s HIB equation (22) becomes

rF(W) = max F(K)u(o) —rK —rd+ (yW — XO)F'(W)

N K+6€{0U[ko,00)}; 0€(0,7)

5B, o) )0 F () (39)

For any given choice of K, the objective function of (38) is linear in § with coefficient
—r — AF'(W). Since F'(W) > —1, we have —r — AF'(W) < 0. Therefore, 6 = 0 is (weakly)
optimal.

A.5 Proof of Proposition 4

Consider the implementation in two stages. First, we solve the agent’s problem conditional
on an arbitrary choice (sequence) of {3, 8}, as in Proposition 1 with a modified cash flow
technology. The principal offers the agent the adjusted technology with

. . » . - -
dY'tNEW — f(Kt):U’ <T[€')> dt — KtQ(Et, ﬁt)dt - ¢(Et, ﬁt>dt + EtdZt, (39)
t
where we have set 6 = % Then, the probability measure induced by {k , 0, K } is such

that

i31‘,C7ZZtK’&’K = (df/tNEW — f(Kop <f(§;é )> dt + K0(%, Br)dt + ¢(2, Bt)dt>

t

is an an Fi-martingale (following the construction in Proposition 1). The incentive compati-
bility arguments in Proposition 1 also follow, with the modification that the agent’s incentive
compatibility condition is

{f(> K} = argmax [Btf(f{t):u (fé%)) - Btf(te(itygt) + A(Kt - Kt)] . (40)

Substituting 6 = ,8% (from Eq. 18) yields

. o 5, )
{K,K} = argmax lﬂtf(Kt)M (f % > - )\Kt] ; (41)
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which is identical to (7), with 3 replacing § and f(K)é = % as the constraint. As in
Proposition 1, the first-order condition is necessary and sufficient and yields the solution
analogous to (8). That is, K; = K (X, 5;), which solves

K(imﬁt) : f/<Kt) [M (%) _M/ (f(Z;;)) <f(z_;ét)>] = % (42)

Further, the maximization condition does not depend on K, so the agent is indifferent
across choices of Kt > Kt, while preferring any Kt > Kt to any Kt < Kt Thus, we can set
K, =K, = (Et, Bt) Following Proposition 1, the agent’s continuation utility evolves as in
9).

~ Second, we solve for the agent’s optimal choice of {3, 3} given (42). Substituting K =
K = K (%, ) back into (39) we obtain

- - . 3 e . N
dYNEW = f(K (%, By — ) dt—K(Z, B)0(S, B)dt— (S, By)dt+3dZ,. (43
JK( mm(f(K(Et,ﬁt))) (3¢, Be)0(2e, By)dt— (X, By)dt+ (43)

Substituting in (18) and (19), we see (43) reduces to dY,NF*W = ¥,dZ,, meaning the drift is
equal to zero for any choice of {%, 8}. Plugging dY,¥ o' _ = %,dZ, into (17) yields

th = ’}/Mtdt + BtitdZt — dC’t (44)

Standard arguments comparing (44) to (9, with {it, Bt}) imply that these results are suf-
ficient for W, = M;, dC; = max(M; — W¢,0), and for the agent to quit at M; = 0 (see,
e.g., DeMarzo and Sannikov, 2006; Biais, Mariotti, Plantin, and Rochet, 2007). By the law
of iterated expectations, the agent is indifferent to the volatility of his continuation value.
Since the agent is indifferent across {i]t, Bt}, he chooses the principal’s desired values.
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B Model Robustness

B.1 Private Benefits with Volatility

We can extend the model to consider situations in which private benefits generate cash flow
volatility. In the model introduced in Section 2, resources can be used to generate a flow of
private benefits to the agent equal to A(K; — Kt)dt. We now additionally assume that these
private benefits create cash flow volatility, so that

Et = f(Kt)&t + )\(Kt - f(t)E, (Bl)

where € is the cash flow volatility per unit of private benefits. The arguments of Section 3
follow, with

A
JIE) (ulo) — op'(0)) + Aep' (o)

If \e —of'(K) <0, then 8%3(0, K) <0, as in the baseline model.

In contrast, if Ae—o f/(K) > 0, then 2 3(c, K') > 0. This is interpretable: if re-allocating
resources from productive to unproductive use greatly increases volatility, then a matching
reduction must be made in productive cash flow volatility. Incentives are used to push the
other way — to encourage more volatility in the productive assets. However, it is also the case
that stronger incentives are used to produce less efficient risk taking. Recall from Section 3
that p(o) is hump shaped, and “STU) is decreasing in the relevant region. If 5, > 0, then
stronger incentives and high volatility are associated with a lower return-to-risk ratio.

Similarly, if 8, > 0 everywhere, then the arguments in Section 3.3 are sufficient to show
that ¢ < ¢fP. In this case, the principal always reduces project level risk to reduce the
volatility of the agent’s continuation utility.

The structure of the implementation is unchanged, with different values of {¢, 6}, as long
as {(,2} is invertible as in Proposition 4.

(B.2)

Blo, K) =



B.2 A General Private Benefits Function

We can also extend the model in Section 2 to consider general, non-linear specifications for
the agent’s private benefits from resource misallocation. In the main model, the linearity
of private benefits implies that the agent derives a constant marginal benefit from resource
misallocation. Combined with the decreasing returns to scale of f(K), this constant benefit
can be interpreted as “there is a shortage of good projects but no shortage of bad projects”.
Generalizing to a non-linear private benefits function can be interpreted to mean that bad
projects are variable in their utility.

We can repeat the arguments from Section 3 to derive the incentive compatibility con-
dition with a generic private benefit. Let A(K , ) denote the generic private benefit from
resource misallocation and be C* with the appropriate shape/concavity. Let Ag (K, K) de-
note AK(K , K)|jr_, which is the principal’s desired marginal value of private benefits.
Then,

AK(Ktth) y 1
J1(K) p(oy) — p'(o)oy

The optimal contract will differ from the one in Section 3 in two ways. The first is that
required incentives may increase or decrease with project size:

9 Mg + A J7(K)
o (U,K):( T f/(K)>ﬁ(a,K), (B4)

which may be positive or negative, unlike (12). If the marginal private benefit of misallocating
resources declines with project size, and the decline is faster than the decline in the marginal
productivity of productive use, then the agent’s gain from misallocation is smaller when
managing a larger project. Consequently, the incentives required to prevent misallocation
can be lower as project size grows. An example uses A(K, K) = A(K — K)/K over a limited
range of K, with f(K) = K% 0 < a < 1. This implies fx = —%f < 0. One can interpret
the assumed A to mean that the agent’s private benefit depends on the fraction, instead of
level, of misallocated resources.

Second, the fact that § may decrease in K implies the possibility of over-investment in
the optimal contract, or K (W) > K*P. The intuition closely follows the intuition for overly
risky and overly prudent project choice: as W moves away from W, the principal seeks to
lower the volatility of W. If § is decreasing in K, the principal may achieve a lower level of
continuation volatility with a high K and low . Consequently, when the principal wants
to reduce the volatility of the agent’s continuation utility, she may find it optimal to either
decrease total cash flow volatility (lower o and/or lower K') or decrease incentives (higher o
and/or higher K'), resulting in different combinations of overly prudent/risky project choices
and under/over investment in the equilibrium.

Finally, we have been focusing on optimal contracts following Definition 1, i.e. a contract
that eliminates resource misallocation in equilibrium because misallocation is inefficient.

ﬁ(gta Kt) =

(B.3)




We can consider the case in which misallocation is efficient: for example when A(K, K) =
MK — K) with A > r. However, this specification changes the right boundary of F(T) in an
uninteresting way. If resources used for the agent’s private benefit are § < ¢, the principal’s
HJB equation becomes

rP(W) = max [ FUIEO W) — 1K — 18 + (yW — X&) F' (W)

+%62(K, o) fA(K)a*F'(W)| .

The principal pays private benefits whenever the agent’s continuation utility exceeds W¥,

defined by F'(W¥) = —%, instead of the current boundary condition, F'(W¢) = —1.

B.3 Dimensionality

Our model uses two-dimensional incentives (8 and X) to implement a two-dimensional agent’s
choice (K and ¢). What would happen if the agent had more choices, particularly an effort
choice? We have assumed that the agent implements a portfolio of projects with a particular
risk-return tradeoff, but what if the agent could work to improve the tradeoff? What if the
relationship between K and o were not separable? We might assume that, instead of (1),
we have

d)/t = Oé(Kt,O't,Gt)dt+Q0(Kt70't)dZt, (B5)

where ¢; is effort. The agent’s private benefits function might then be B(K; — Kt, e). In
this setup, the principal then has two controls (5 and ¥ = (K}, 04)) to implement a three-
dimensional choice by the agent. The incentive compatibility condition (7) becomes

{K,o0,e} = argmax |Ba(K,6,¢) + B(K — K, ¢) (B.6)

K66

under the constraint that ¥ = (K, ).

Because the principal only has two controls, but the agent has three choices, the set
of choices the principal can actually implement is a two-dimensional curve in a three-
dimensional space. Depending on the functional forms of a and ¢, this implementable
set might be very far from the first-best. Informally, the principal can condition on output
to provide incentives that resources be used efficiently and that total risk is as desired, but
her controls are not more granular than that; adding an effort choice need not increase the
size of the set of implementable actions.

A key insight of our model of volatility is that it represents a unique setting that cannot
be captured by an economically reasonable hidden effort model, such as a simple variation of
DeMarzo and Sannikov (2006). One might think that our model could be made simpler by
giving the principal control over volatility and resources and also giving the agent a hidden



effort choice over drift. For example, using dY; = f(K;)e;dt + X,dZ; instead of (1). However,
this change of variables would put all the economics into the private benefits function in a
completely uninterpretable way.?? Instead, we give the agent a second choice over per-unit-
of-resources volatility, give the principal a second control over total volatility, and impose
economically reasonable assumptions on the production function f(K)u(o). These choices
are structured so that equilibrium output could be obtained with positive probability under
both the agent’s true action and under the principal’s desired action, thus allowing us to use
the martingale methods of Sannikov (2008). In sum, our model demonstrates that agency
problems over the composition of volatility are possible and interesting — total cash-flow
volatility (3), project volatility (o), and the agent’s continuation value volatility (So) are
all meaningfully different.

~
—
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<

32In the example, we would have e; = FROM (KEI; )) as the hidden action instead of K;. The agent’s

private benefits function becomes B(e, K,¥) = A (K — K(e, K, E)), where K (e, K,Y) is an inversion of

e(K,K,%). Then, first, B(e, K, ) has unsigned derivatives (i.e. Bx and By, must change signs at arbitrary
point over the relevant range of the problem). Second, even the level of private benefits is difficult to
assess because the constraint B(e(K, K,X), K,¥) = 0 is a technological constraint that must be imposed
exogenously and has no clear meaning.
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